Quantum dark optics of axions:
how can dark matter axion
generate quantized photons?

Akira Miyazaki
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Clear need for new physics: e.g. Dark Matter (DM)

Observations
. from starlight

Velocity
. (km s-1) BN
i - . Expected from
the visible disk

gra\nty
|mage o

_ o . By Mario DeLe B 10,000 - 20,000 ~ 30,000 40,000 .
- R y o CCBY-SA40, SERUNNENNE @ :

'-NASA/CXC/M Welss. ;haﬁf'rax Ray B e o8, SO https: Heommionswi dido . .- ° . Distance (light years)
Obsematory 1E0657 o e G R o . rg/w/index.php?curid=743985 : 50 & ;

Darkastron] ohieate? v' Hypothetical new particles
Modified-gravity2eoosmet linked to intrinsic issues In
Primordial black A8les? the Standard Model?



My main business: Radio Frequency cavities for accelerators
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Pros any present and future accelerators would melude superconducting RF cavities
Cons: Timeline (decades?) costs (>>BEUR?) still no promise for new physics




Road map for the NEXT colliders
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New physics

leptoquark Flavor anomaly

axions
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3 TeV Supersymmetry v Dirac CP

Cosmology

T Precision measurement and deviation from SM

Gravitational wave

Testing gauge theory
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Outline

* Background: classical to quantum detection of axions
* Motivation of this talk: classical to quantum??

* Rigorous proof of classical to quantum

* Applications: coherence & homodyne with polarization
* Conclusion



Outline

* Background: classical to quantum detection of axions



Axions: a byproduct to cancel the strong CP

, PQ symmetry ng
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Axion gains mass from QCD mqfa~myfz

Figure 3: “Sombrero” potential of the Peccei-Quinn field ® is shown schematically before (left) and after
(right) the QCD phase transition. The axion corresponds to the angular direction of this potential, shown
by the orange line. The state of the field is given by a point in the potential. Low energy configurations
are favoured. For illustration, the potential on the right is shown for a scenario with a large amount of PQ
symmetry breaking. More details are given in appendix A.2.

F. Chadha-Day, J. Ellis, D. J. E. Marsh, "Axion Dark Matter: What is it and Why Now?” arXiv:2105.01406
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Axion as dark matter (PQ scale > inflation)

Axion loses kinetic energy non-thermally by coherent oscillation in the PQ potential
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De Broglie wavelength Az vs density of DM n

* We are moving in the galaxy halo of dark
matter with speed of 220 km/s =2 ~0.07%
* De Broglie wavelength Az = 196 MeVfm/mv
« Galaxy halo of dark matter density p ~0.4 GeV/cm?
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Standard model of dark matter axion distribution function
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Classical electrodynamics is the mean to hunt axions

Axions modify
Maxwell equation
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Wave detection vs photon (energy) detection

Electromagnetic
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Jonsson Nyquist Noise

J. B. Johnson phys Rev3297 (1928): Experimental discovery of the relation

H. Nyquist phys Rev32 110(1928): Thermodynamics + statistical mechanics of bosonic modes
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Standard Quantum Limit from the Kennard inequality

h h
P.q] =5~ (@p*)a¢®) = Kp.al* =7 (Kennard)
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Photon detectors to overcome SQL

Noise power of wave detection

107
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Noise power of photon detection
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Single photon sensors may be a solution in the future
- Although one loses phase information, zero background at cold may be better

- Lower noise in higher frequency = where is the cross-over? 10 GHz? 100 GHz??



Summary: pros and cons in wave vs particle

 \Wave detection

* Pros

* Enormous enhancement of S/N by using narrow band nature of axion signal
e Signal: narrow band of 20 kHz out of 20 GHz center frequency
* Noise: broad band

* Simple and established through commercial devices
* OKatwarmor 4 K level (in other words no use to be at mK)
* Cons
« Standard Quantum Limit (= Vacuum squeezing to mitigate it...)

* Quantum / particle / energy detection

* Pros
* Free from SQL
* Cons
* No phase information = FFT not possible for narrow-band / broad band signal selection
* Narrow band-pass filter /antennais limited (resonator Q is the best)
* Need cooling down way lower than wave detection (< 100 mK)

19



Outline

* Motivation of this talk: classical to quantum??

20



Question: classical 2 quantum @

Classical |Classical |Quantum
axion microwaves detection

What is the quantum statistical
distribution of detected photons?
- Goal: Monte Carlo

-—

eV-E =p—g4,,Bc - Va,
VxH-E=1J+g.,Bea,
&—V%—l—mia:ng-Be,

0.14 ph.e.

2 1200t
e :
\_' b
S 1000}

Can we obtain quantum statistical distribution without
assuming quantum nature in the source?
Can we assume a Poisson distribution?

What kind of quantum state gives Poisson distribution




Der stetige Ubergang von der Mikro- zur Makromechanik.
Von E. SCHRODINGER, Ziirich.
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Very classical guantum state: Schrodinger’s wave packet

1 2
W(x.) = e—(xl—acoswt)
( 1) \/’2—7_[
1 d
a¥(x;) =[x, +Ed_x1 VY(xy)

a: eigenvalue of
annihilation operator

a =32, +i%,
By Ashton Bradley Aspir8 (talk) -
a|a) — a|a) Own work, CC BY-SA 4.0,

https://commons.wikimedia.org/
w/index.php?curid=149671045

Hints for derivation
llu(xl) = <X1|a>
(x11%1 1) = X1

I
[%1, Xo] = E = (x1|%2lx1) =

1 d
21 dx1



Modern representation of wave packet: coherent state
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n
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. Quantum 1/2
Displacement operator fluctuation «—»

D(a) = exp(ad’™ — a*a)

)

|a> = D(a)l()) ‘ \llp(t)> — |ae_lwt
Electric field operator D(a) |
—
A hw . . |O>K
8(1‘, t) — i ae—l(wt—k-r) . &Tel(wt—k-r)] \/ -
VZEOV X1 =E(C’i+a+) X1
B A hw .
E = (a|8(r, t)|a) =1 PR [ae Hwt=kT) _ a*e“(‘”t_k'r)] : Plane wave solution of Maxwell equation
0
2\n
P(n) = [(n|la)|? = (|C¥T|l') e~lal®  :Poisson distribution 24
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Don’t we need a quantum state of axion?

a 14

Quantum B 1Quantum Quantum
axion microwaves detection

A
\ 4

Ty A\ -I- N\ Pay -I- PaN N\ 'l' A\ * PN 'l‘ PN PREPARED FOR SUBMISSION TO JCAP
— CERN-TH-2017-078
H =w,a,0, + w,a,a, + w,a,a, + w,a,d,
PHYSICAL REVIEW D VOLUME 45, NUMBER 5 1 MARCH 1992

Axion-photon conversion caused by
dielectric interfaces:

Quantum statistics in particle mixing phenomena quantum field calculation

G. Raffelt, G. Sigl, and L. Stodolsky
Max-Planck-Institut fiir Physik, Postfach 401212, W-8000 Miinchen 40, Germany Ara N. loannisian,*® Narine Kazarian," Alexander J. Millar® and

Georg G. Raffelt®

* Meanis OKbut standard deviation depends on the assumptions on the source
 Simplest example: coherent state > coherent state: |aq ay) = (1 + Uayaaa;)laa; 0.)



Example of quantum nature of axions 1: squeezing

(3]

ihO(x, t) = —%V%@(m, t) + m"(m, )
o

vie, |- 0 (9@ 09,0 - P @ 00@0)., T |
Gravitational potential 2 .
id,a(t) = w(t)alt) +ex®at ®awaw)|
Kerr-type nonlinearity ks

* Gravitational self-interaction of dark matter
axions causes quantum squeezing within a
surprisingly short period

« Experimental detection seems non-feasible ®

Phys. Rev. D 106, 043517, 2022
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Example quantum nature of axions 2 : thermalization

1 1 Interaction to
_ = I - 2 2 .
Lla, x| 5 o a(z)o*a(x) 5 Ma (x) |ga(:1:) Oy (x) + L, | environment (SM)
ikd |t —ik@ n(wy) = !
a(Z,t =0) = \/_Zm[bge +bee } q ePwa — 1
B(t) = e~ Ht p(0)eiHt Time evolution of Quantum master equation
density matrix - Initial coherent axions become
p(0) = pa(0) ® p, (0) 'mitial condition: decoherent due to thermalization
axion x environment
(0) = e~ PHx Environment: thermal 1 dq
Px Tre—8Hx  bath (CMB) E(t) = VZNq(t) 7T +m; a N / 5 Wq n(wq) 1—6"‘“)
Initial axion: coherent state 7
pa(0) = |ANA| from misalignment mechanism coherent Thermal
term decays term grows
_LIAL12 AL
A) =Tl 318517 ¢~ 2E% |0) gz

Decay rate: e = Lq(00) = 2o (wg» 9)
Phys. Rev. D 107, 063518 (2023) .



Example quantum nature of axions 3: decay products
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Outline

* Rigorous proof of classical to quantum
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Glauber’s theorem: classical =2 quantum

PHYSICAL REVIEW

VOLUME 131,

NUMBER 6 15 SEPTEMBER 1963

Coherent and Incoherent States of the Radiation Field*

Roy J. GLAUBER
Lyman Laboratory of Physics, Harvard University, Cambridge, M assachuselts
(Received 29 April 1963)

1
Hy(t)=—- [j (r,t)- A(r,t)dr. (9.16)

c

The introduction of an explicitly time-dependent
interaction of this type means that the state vector for
the field, | ), which previously was fixed (corresponding
to the Heisenberg picture) will begin to change with
time in accordance with the Schrédinger equation

3
ih—| )=H\()| ), (9.17)
at

which is the one appropriate to the interaction repre-
sentation. The solution of this equation is easily found.2
If we assume that the initial state of the field at time
t=— o is one empty of all photons, then the state of
the field at time ¢ may be written in the form

lt)=exp{£—c/ dt’/j(r,t’)-A(r,t’)dr—l—igo(t) |vac).
h 9.18)

D(Bx) = exp[ Brax’ —Br'az ]. (9.19)

Then it is clear from the expansion (2.10) for the vector
potential that we may write

exp{i—/ dt’/j(r,t’)-A(r,t’)dr}=H Di[ax(?)], (9.20)
6J %

where the time-dependent amplitudes a (£) are given by

7

ar(f)= -~ f at’ / drug* (r)-3(r,t)ei? . (9.21)

(2% 12

Photo: J.Reed

Classical current generates quantized
photons in a quantum coherent state
= Let’s apply this to classical axions *



Any classical axion generates photons in a quantum coherent state

axion

N

resonant cavity

[5,5"] = ih

[5,5] = [Bt,5'] = 0
filn) = bTh|n) = n|n)
bfin) =vn+1n+ 1)

b|n) = vn|n — 1)
. ~ Onlylinear
Hg I' operators
. arn 1 ~ | 1 Exact solution
_ tp o t oy f
A = hw (b b+2> +|RlFOBT + £(OB]| | ‘
" perturbation ]
F© = gapp® || B - B

Any classical

axion field

—

—>[>—> Quantum state of photons from axions
Quantized photon states of

a single mode inside a

Classical axion
~ displacement
operator (x phase)

>

18) = D(B)|0)
D(B) = exp(BbT — B*b)

19(0) = exp(—iC: (D] D(BD)]
B(t) = C5(t) exp(—iwt)

C1(t) = —%J

0

exp(—iHpt/h) [1(0))

t (d

dt'f*(t") exp(iwt") j dt" f(t") exp(iwt')
. 0

32

Derived by Ayuki Kamada U Warsaw

C,(t) = j dt'f(t") exp(iwt)



Key takeaways

Interaction term is linear in bt and b
* Rigorous solution is given by a displacement operator and a phase shift

The displacement operator generates a coherent state from vacuum

* With complex amplitude f(t) given by time integral of the
classical axion field f(t)

Photon statistic in a coherent state is given by a Poisson distribution
e With mean number of photons 71 = |B(t)|?

Valid for any classical axions and any initial state of photons not only
the vacuum state

33



Initially in the vacuum state = coherent state

Definition of the label of the coherent state

[Y(0)) = exp(—iCl(t))ﬁ(ﬁ(t)) 10) = exp(—iCl(t)) 1B(D)) B(t) = exp(—iwt) jtdt’f(t’) exp(iwt’)

Photon counting (Projective measurement of photon numbers)

Property of a coherent state

- 1812\ © B"
1B) = eXp<—T> nzoﬁln)

 The number of photons from classical axion conversion obeys Poisson distribution of time varying mean
* Thetime variation is purely from the time integral of classical axion field

e~ 1B©®)I? 1B(t)|2"
n!

By = [y ()1 = [P OIRIYON? = (BOIRIBD) =

Field measurement (Projective measurement of field operator) Electric field operator

A hw
E(r,t) =i
(ro) =i 2€,V

[Ee—i(wt—k-r) . B'I'ei(wt—k-r)]

hw

E®) = (Y| D)|y@) =i - [B(t)e i@tk _ pr(p)e+ilwt=kn]
0

* This isthe classical electric field (solution of Maxwell equation) = Classical Primakoff effect is reproduced

* The line-width information is implemented inside B(t) = time varying amplitude in time domain
* Integration time t (FFT time) needs to be selected depending on the coherent time of the classical axion field a(t)
34



Initially in the squeezed vacuum state

Noise source: |0)

/« }? o\'—:W‘—" _"

Squeezed vacuum: $|0) “‘
Kelly Marie Backes PhD thesis

Coherent displacement Nature, 590(7845):238-242
by a classical axion signal 35

Phase-sensitive
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Initially in a thermal state - coherent thermal sta

Unitary operator of time evolution

_— 1 U(t) = exp(—iC,(t))D(B(1)) .
th = exp(hw/kgT) — 1 axion
o exp(=Ho/ksT) 1 o A\ (., exp(—lal?/7)
Po = - 1+ ﬁth;(l +_nth) i) (n] = jd « P ja)al

7= Tr[exp(—ﬁo/kBT)]
Coherent thermal state
Realistic quantum model of axion + noise

1 . —~
p(t) = U)poUT(t) = D(B(1)) exp(—Ho/ksT) D*(B(2))

S

Thermal
reservoir

@

Statistics of photons (A),, = ? Tr{e—hwbtb/ksT 4

n=|B()|*+7n,, =Poisson+ Planck

0% =a5 + |BI? (1 ﬂl 2 (bTb)rhI) # Poisson + Planck

- Naive additive Monte Carlo (Poissonian signal + thermal noise) is wrong! °°



Cf) Multi-mode Planck = reduction to Poissonian

M. Fox “Quantum Optics” p.85

STD of thermal noise

l o n
Po(n) = v : (5.29)
n+1\n+1

This distribution is called the Bose-Einstein distribution. From = n+

n
eqn 5.26 we can see that P (n) is always largest for n = 0, and decreases N
exponentially for increasing n. m
Figure 5.5 compares the photon statistics for a single mode of thermal w \
ligcht with the Bose-Einstein distribution to those of a Poisson distribu-
: : Poisson

tion with the same value of 7. It is apparent that the distribution of
photon numbers for thermal light is much broader than for Poissonian

Deviation from
Poisson

light. This is hardly surprising, given the nature of thermal energy fluc-
tuations. The variance of the Bose-Einstein distribution can be found
by inserting P, (n) from eqn 5.29 into eqn 5.14, giving (see Exercise 5.3):

(An)? = 7 + 7> (530 0 5 10 15 20 N,,,: number of modes
Figf 575 f’nlnpuyi.wn of t|1¢~.plmtnn 9 Nm >> 1 With bandWidth

This shows that the variance of the Bose-Einstein distribution is always statistics for a single mode of a ther-
mal source and a Poisson distribution

l:ll'_‘.L(‘l' 1111\11 l]l:lt ()l. a l)(bi.\'.\()ll (li.\[ l'il)llli()ll Hl eqn .) l.) l :lllll 111:1( 11)(‘1’111:\1 : X
| =
with the same value of @ = 10.

light therefore falls into the category of super-Poissonian light defined 0'2 — N

Open question: what is the standard deviation of thermal coherent state
under realistic bandwidth of our quantum detector?
- This could be Poisson in the end...
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Outline

* Applications: coherence & homodyne with polarization
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Temporal coherence of axion DM

5 .
(a) —— (Coherent Stochastic (d) A —— Coherent Stochastic
-=== MFT Simulation

400 1

— Quantum Incoherent
---- MFT Simulation

200 1

—200 +

Mean number density fluctuation

—400 1
. . . . . . 0 500 1000 1500 2000 2500 3000 3500
0 500 1000 1500 2000 2500 3000 3500 Time [a.u]
Time [a.u] D. Marsh arXiv:2211.13602
Coherent stochastic model Quantum incoherent model

_ L
o) = mzazcosl(l+§)mt+&] " 2m<|%’| )

/2 Imax 2
W = p ):a;exl;)[( —t+5+£zk)]

2
DM axion is in quantum coherent state ~ truly classical wave



Coherent stochastic: Rayleigh fading

Random phase in classical microwaves = temporal coherency

Source signal Tele-

Rayleigh channel . .
Us(t) — cos(a)t + (p) communication
Received signal
N
v, (t) = Z c, cos(wt + ¢ + ¢,)
' n=1
Rice channel
Rayleigh PDF Signal
— ¢ [ ' ' ' + Rayleigh distribution
A 154 - - g P(X)sze_xzdx
- ' | Ly i y U il THEN - D?
o IHRAVALR T ATV RO AT PN VNN STV AN
~ o ST I A KLU L '»‘h[;] | " AV A A

15+
1
0

Y, S

Probability https://www.sharetechnote.com/html/Handbook_LTE_ChannelMod el_Rayleigh.html40



What happens to the quantum detector response

Py = [(n[p(0)]* =

B(t) = exp(—iwt) f dt'¢(t") exp(iwt")
0

e FOF B

At

n!

Randomly varying

Poissonian over time!

¢ [au]

The photon number obeys Poisson distribution of
varying mean

Depends on integral of classical axion amplitude
over temporal coherency

At = response time of quantum sensor? Or DAQ?

( a ) Coherent Stochastic
400 1 -=== MFT Simulation

200 1

—200 1

—400 1

(At At At

0 500 1000 1500 2000 2500 3000 3500
Time [a.u] 41




Modulation in classical axion amplitude

H = hw (BTB + %) + n[f()bT + f*(©)b] f(t) = gayya(t) j (E(x) - By)d3x

Not only intrinsic axion amplitude’s temporal variation, one can manipulate modulation

ldea 1 (ADMXis also thinking) ldea 2 (MADMAX original)

Jayya(t) f(E(x) - By cos(Wimoqt))d>x h[f(t)BJr + f*(t)B]PCOS(wmodt)

* Modulation in magnetic field
* Speed would be limited in SC magnet * Modulate polarization of the photons

— Basic theory for homodyne detection (Lock-in method)
- Enhance S/N even though losing bandwidth in quantum detection |,



Modulation in classical axion amplitude

AN ~ . 3
H=ﬁ(u(bJr N — ) - By)d’x
— 0.9F = .
Not only intring 0.85 Controlled cos(@,,gqt) - e modulation
Idea 1 (ADMX ¢ 0.7- modulation in photon -
1 0.6 distribution =
0.5 =
gayya(t) f(f 0_4?_ _; Wmoat)
0'3;_ | \ _;
* Modulation 8-2?_;' — E
. AE — E f the phot
Speed wou (:"E....l...n....|....|....|WL_._._._1..“|“111..E © photons
0 1 2 3 4 5 6 7 8 9 10

- Enhanc

— Basic th
% ection .




Outline

e Conclusion
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Conclusion and outlook

* Any classical axion field generates quantum coherent states of microwave photons
* Rigorous proof with little assumptions (classicality of DM axions)
* In photon counting type experiment, Poisson distribution of varying mean number of photons appear
* The quantum state of our system is “coherent thermal state” # coherent signal + thermal noise

(standard deviation of photon numbers is not a naive sum)

* The above theorem ensures classical argument in time variation of axion signhal
 Temporal coherency of axion amplitude
* Artificial modulation 2 homodyne detection

* To be answered
* Projective measurement = realistic quantum model of detectors
* Detector requirement = material property, what to measure?
* |Isthe assumption in classical axions truly reasonable?
* How to optimize the time integral 2 depending on coherence time of axion?
* Can we reconstruct time-varying photon distribution via finite sampling of a photon detector?

* To be developed

* Correct Monte Carlo simulation
* Response time, detection efficiency of the detectors 45
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Three ways to study dark matter candidates

Production in lab Signal from astrophysics DM from galaxy halo
- N = —g k@Ei gy - N

& ! TAN "'f'!’. o

WISP
axions

full knowledge in source uncertainty in astrophysical models Uncertainty in cosmological models|

- Common techniques: magnets & photon science 47




Quantum electrodynamics (single mode)

With Hermitian quantized amplitudes

With creation annihilation operators
[ 1 1 f o (.1 N2 (o2
H=<ﬁ+§>hw=<a’ra+z>hw H=(f+7|he=[x)"+ (&)]he

$ 3
A how . . A | hw “
E(rt) =i Ge—t(wt—kr) _ a“rel(wt—k-r)] E(r,t) =1 [X; sin(wt — k- 1) — X, cos(wt — k- 1)]
2e0V \ 260V
\
|a,a™] = .
A~ o [
[a,a] = [at,aT] =0 Q=3 +i% [#1,22] =5
) = vn|n —1) at =%, — i%, [X1, 1] = [X2,%,] =0

In
atlny =vn+1|n + 1)

Uncertainty relations
General displacement operators - The Cauchy-Schwartz’s inequality leads to Schrodinger’s uncertainty relation
A A A R ~ 1 A A 1 A~
A = A—(9|A|¢) (9]84%0)(plaB?|¢) = 7 (@l (84, B} @)|” + 2 (][4, B]|9)I”
AB =B — (¢|B|¢) dispersion dispersion
Applying to the amplitude operators leads to

1
am-(qblA 1| oN@la%,%|p) = 7 pl{AR, A%} ) +

= standard deviations of amplitude operators obeys this uncertainty relatlon

Positive real number

1 1 1
7 (1182, AZ1[) = 7 KPI{ARy, AT} ) + =

— 010, =



Minimum uncertainty states |¢,,,;,,)

The minimum uncertainty

1
0107 = Z

can be obtained if
{Aa?zlqum) = zAX{|Pmin) (z € C) From Cauchy-Schwartz

<¢min|{A5€\1» Afz}lgbmin) =0

are applied. These conditions give
0= <¢min|A5E1Af2|¢min> + <¢min|A5€2A5€1|¢min> — (Z + Z*)<¢min|A5C\12|¢min>
-z4+2z2"=0->2z=IiA(LER)

Substitute this condition to z

Ajc\zl(pmin) = iAA?’C\lld)min)
From the definition

(22 - <¢.min|5c\2|¢min>)|¢min> = i/l(fl - <¢.min|£1|¢min>)|¢min>
= (A%1 + i%) | Pmin) = [MPminl X1l Pmin? + KD minl X2l P mind | Gmin)

If we select A = 1, we can obtain one of the minimum uncertainty states |a):

(21 + ik\z)lgbmin) = [<¢min|£1|¢min> + i<¢min|£2|¢min>] |¢min>

—|dla) = ala) (a € C)
as an eigenstate of the annihilation operator @, which minimizes the uncertainty of the amplitude operators ¥, %‘d Xy




Coherent state |a)

|a) is called coherent state. Its explicit representation with number states can be given by

@) = ) caln)
n=0
and applying a gives
@) ealn) = ala) =@la) = ) culln) = Y epvmln—1) = cppVn + 1in)
n=0 n=0 n=1 n=0
Comparing the coefficients gives
a
C =—cC

n+1 \/Tl_-|—1 n

The coefficient can be recursively determined
a a a a a a a™

Ch = ——=Cnp—1 — Cn—n — Co ——F—C
TV V=1 7 Vavn—1 V1Y Val

The normalization condition gives

1= {ala) = z z ¢l ¢, {mln) = i i \/_\/_COCO(Smn |c0|zz |a

n=0ms= n=0m=0
Selecting one phasecy = e —lal*/2 |gads to

|2n
cole lal? _ > ol = e—lal?/2

(0 0)
Expectation value of # of photons

n
ja) = el =) ectation val tor
n=0\/m (ala a|a) = a*afala) = |a|* = u
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Projection of |a) onto |x4) returns a Gaussian

1 1
(nla) =~ (nlala) = = (nldla) = — Gl + i2la) = [ dat Gl G + i) )l

“Position” representation (Schrodinger representation) Schrodinger equation (in a harrow sense...)
Wave function: ¥ (x;) = (xq|a) }

“POSItIOn” Operator: (xll_ic\ll,xl) = xl i allU(xl) [xl 4= 1 d Lll(xl)
i 1 d -
“Momentum” operator: [X1,X,] == - (x1]|%,]|xq) = T 2 d

] Eigenvalue
bl
A particular solution of this 15t order linear ordinary differential equation is Gaussian probtem
Y(x,) = exp(Ax? + Bx; + C) — 1 1 ,
d¥ (xy) - P (xy) == e 0
o [2Ax; + B]¥ (x;) B =2a 21
1

Wave function: @(x,) = (x,|a) b (x,) = [; dd N lle (x,)

“Position” operator:  (x,|%,]x,) = x X2

“« ” . 9 9 — L 9 — ii Qj( ) — L —(x2+ia')2
Momentum” operator: [X1, X,] = 5~ (x5]|%11x,) = - Xp) = e

2dx, \V 21 51



Projection of |a@) onto |n) returns a Poisson distribution

When one performs photon counting experiment (for example with PMT), probability of observing n photon is

0 2

n |2 2\n
_ 2 _ | -lai?/2 z _Nomtazz @ _ Ul e
P(n) = |(n|a)| e nlm) e N — e

m=0
This is a Poisson distribution with mean number of photons u = IaI2
n

u-
P(n; p) =e “

E. H. Bellamy, NIMA 339 468-476 (1994)

It is well-known that we observed a Poisson distribution from LED, convoluted with a response function of dynodes in PMT
1200

2 14002 ¥ =104 ) ¥ = 1.18
o C
PM 7 ADC & ; 0.14 ph.e. Q. = 23.33 % 0002 o 1 1.75 ph.e. Q, = 23.98  0.005
e : ¢ = C 242  0.001 & 1000} o, = 0.385 % 0.007
u - 1200F Q, = 32.51 £ 0.12 - Q, = 3246 1 0.15
e g o, =1195%0.13 o g, =11.81  0.22
Light guide Gate X : w = 0035+ 0,002 ool w = 0.339 + 0.021
1000 | o =(0064 + 0004 - g = 0045 + 0.004
MAC 11 z [ [[u =038+ 0002 < | « = 1.75 % 0.03
LED 2t GEN o 0o One typical
. L - This u contains yp!
Fig. 1. Block scheme of the calibration setup. 600 |- K
' quantum s00| way to
Sldea](x) =P(f1; ,U,) @ Gn(x) Sreat(x) = fsldeal(x’)B(x_x’) dx’ 400 F .. Cal|brate a
) ; efficiency from a
= ulleTH 1 xX—n [ at
-y £ ____Exp(__(—%l)) 200} photonto a 202
1 i
nmg M oW2mn 2no L . Rhotoelectron .
0 100 200 300 "o 100 200 300

a ADC channel b ADGzhannel
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