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Preliminaries

[1] J. Acharya, arXiv:2502.18170 (2025)
projected plane

observed object Bell state |0 ):
Real Part Imaginary Part
05 05
04 - ; 04
03 | | 03
Tomography: 02 2
01
0 :
% e
D5 A5
I —eon

Quantum tomography is a task to estimate the density matrix structure of
unknown input state

It generally requires exponentially many sampling copies (0(4™))"M by the number
of qubits n.



Shadow tomography!'l seeks a method to estimate the designated M number of
physical properties of the unknown quantum states, hence reducing the required
sampling complexity.

Hamiltonian H

For the linear property, the task is to estimate
tr(p0) for the given observable 0, not the
whole p.

[1] S. Aaronson, arXiv:1711.01053 (2017)




<Shadow tomography>  (&: unitary ensemble)
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Measurement channel

tr(0p) = Eyee Zu{b|UpUT[b)tr{oM " (U|b)(b|UT)}

MY (U|b)b|UT): classical shadow, M~ exists for IC POVM.



tr(0p) = Eyee Xp{b|UpUT|b)tr{OM ~1(U|b)b|UT)}

M~(U|b)b|UT): classical shadow.

<Algorithm> (Sampling copies,N = RK)
(1) We randomly choose U € €.

(2) Enact U to p

(3) Measure with computational basis to obtain |b) € Z}

(4) Take the estimator m; = tr{oM ~1(U|b)(b|UT)}
(5) Repeat (1)~(4) to get my,m,,..myg and set 0; = %Z{il m;

(6) Repeat (5) R times and conclude 0 = median{0,,0,, ..., Og}.




A representative shadow tomography is random Clifford tomography!.

M~1(0) = (2" + 1)O — tr(O)I

p

(Unknown)

Uniformly

sampled
UeCl,

Obtain
measure

ment
outcome
|b) € Z7.

[1] HuangH-Y et al. Nat. Phys 16 (10),1050-1057 (2020)

Estimator m s,

m = (2" +1) (b|UOUT|b) — tr(O)
Shadow norm |

10113, < 1058l < O(tx(0F))
Og=0— %]

Sampling copies

N<O (||O€_|2|§h 10g(5;1))



Random Clifford tomography needs 0(n) —depth neighboring Clifford blocks

However, 0(log(n))-depth Clifford blocks are sufficient! for k-local observable estimation

log(n)-depth blocks

outcome

|b) €

VP € Pn d: circuit depth
M(P) =tpsP = M Y(P)= 1P

tp,d = PrObVeCln,d(VPVT € Z) >0

I1P|%, =tpq < OBIT

[1] C. Bertoni et al., Phys. Rev. Lett. 133,020602



However, random Clifford sampling circuit is very noisy in current setups.

m = (2" + 1) (b|UOUT|b) —tr(0O) L uantum
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Recently, there have been many researches about
Error mitigation for the classical shadow!'l,
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Randomized benchmarking of Pauli transfer matrix (PTM)[".23]

Efficient noise benchmarking for shallow circuit is known[?l,

Full random Clifford noise benchmarking can be efficient, but
assumes gate-independent noisel'l,
PEC exponentially increases by the gate count!l.
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Probabilistic error cancellation (PEC)“>



<Problem>
We assume single qubit unitary is free. Noise is gate-dependent.
(1) Sample-improved unbiased mitigation scheme of noisy (shallow or full) Clifford shadow?

(2) High-order stability of Clifford shadow under unknown noise? !l
w(> 1)?

E[] - {0} < min {[| O], O]} max 1 — Al

[1] R. Brieger Phys. Rev. Lett. 134, 090801 (2025)



Read-out error of Clifford measurement

Ny: (Unital) Noise channel after unitary U.

Effective noise: Read-out error.

Obtain
measure
PL") = (b|Ny(la) (a])b)

ment
(Bi-stochastic)

Uniformly

p sampled

outcome
|b) € Z7.

(Unknown)

UeCl,

pgf; = P(? Read-out errors!!]

g: Ideal measurement distribution, u(): Noisy measurement distribution

gV =pU, = g(U) _ Zpa|b“l(oU)

[1] S. Bravyi et al., Phys. Rev. A 103, 042605 (2021)
[2] P. D. Nation et al., PRX Quantum 2, 040326 (2021)



<Pauli noise>

Ni(-) = Xaczzn P8 Ta() T

T, = ®?=1 (i iz X Cix 7 iz

Each Clifford layer undergoes Pauli
noise with probability p®.

outcome

|b) €

Z3. U/TaU ~ Ts, ) Si € Sp(2n, Zs)




We omit the upper-script (U) for convenience

outcome
|b) € o
Z72,l. Ta = ®Z=1 Zaimaiz Xaim Zaiz

L L
VS, € Sp(2n, Z}
Hb = Z p"gl]i) ___p‘gi) (b‘ (HTS':{at)) P (I I TSt(az)) ‘b) ( 1€ P( n 2))
=1 =1

Ni() = Laczzr pa Ta()Ta

Ideal!!

|

_ Z p‘gll),_.pgi) (b + (;SI(HE)E) Ip| (;Sg(a;)x) + b) » b = Z Pedbtec = Z Pb4cfec = (9 *P)b

2
ap ,az,...,aLeZ2"

ceZ? cell
_ W L) : ’
= Z Pa, Pa, pb+(Ef‘:1 Si(ar)z)’
a1,8s,....a,€23" How to sample by g?
(U) _ (1) (L) -
Poezs) = D Psiigay’ Poi(agObant+a. Mp Read-out efror function

ap,...,ap €Z3" (Samplable!)




<Solution 1: Approximation>

l—po (a=Dhb)
Kplap = . P(D)ab = Patb.
(P)a,b {paer (a£b).’ (P)ab = Patb. P P(p (I —K(p))g=p (K=0)
(Matrix equation)
w—1
_ = g = P (p)g + O((26)%) (Ve < O(1!
9= (U- K@) u=S K@ . 9=3 aP g+ O(20)") (V<O
=0 w_—l
s = ol w amplable!
_ Z (Kl(p) B KHl(p)) g = ; ap™ xpu+ O((26)")  samplab
=0
w—1 00 (5 =1 _pO)
= P (p)g + Z(Kl(p) — K" (p))g| »°=1=(1.00...,0), p" =p p? =pxp...))
[=0 [=w




<Solution 2: (unbiased) Walsh-Hadamard transform>

lha = Z,ua(—l)a'b ‘Walsh-Hadamard (WH) transform (or Fourier transform)
b

<*Product rule>

/,IJ — P % g — //i = ﬁ . § - - element-wise product

A~ ~—1] ~
1 —— 1 ~
— /\_1 -/\‘ . . /\:
g=g.p i (5P =p)

The solution is well-defined, i.e.  has no zero element.



(Result) Robust classical shadow under read-out error

<Full random Clifford>

(V) _ 1 ﬁm <O> = Ey~al, Zgb (2" +1) (b|UOUT |b) —tr(0)) =
(V)
P 2" + 1 (V)
» Ev~cr, A(V) Z Ho ¢ (k|VOVT[K) — tr(0).
M=0) = (2" +1)0 — tr(0)I 00 2
» 0)= o > v (kIVOVT[k) — tr(0)
estimator k,ceZy De

— 2"+41 _ a.
D (0) ="~ Z°HOVT —0(0) (Hap = (~1)*")

(Z° = diag((—1)>®)) (0" = (k[VOVi|k))



Algorithm : (1) We sample b ~ u (noisy distribution)

— 2" + 1
(2) Take the esitmator (O) = o

pVIT1ZP HOWIT — t1(0). (Hap

<Theorem: Sampling efficiency for full random Clifford>

|0]2, <E(On ) < min n(pe”)) 7 min { F(CL,)O(tr(0F)), O(tx(OF) + 1013}

Pure case: ||O||%, < [|02]| < O(tr(03))

Clp) = ngxpg/) ® (1) Noise has a low-fluctuation : sampling efficient
(2) This factor can be ignored for low-magic observables

—

2" + 1 vy
Can we calculate the shadow (O) = Q—nﬁ(v) LZPHOMT — tr(0)??



It normally takes O(2"poly(n))....

However, there is a case we can calculate the shadow efficiently

An arbitrary stabilizer state has a following expression (standard form),

Z 67X qu(X) x +vg) Q¢: Quadratic function, ug, vy: binary vector

\% |A xeA

We can regard that V' [¢) =|¢), VOV = |¢) (¢|

Z(—l)“‘ (k|VIOV k)

k

1
c -k U (X— — — - c-k
|A| Z Ox,k+vys Oy ktvy Ok vy, Al pr(x=y) Al Z (—=1)

k,x,y kcA+vy

A+ vy = {a+vy|lae A} Affine subspace



Therefore,
[17 S. Bravyi et al, IEEE Trans. Inf. Theor. 67 (7) 4546-4563 (2021)

——

)n —|— 1 k- 2" + 1 (— )C.Vd’ n_ A A_L
(O) = Sntar a ZZ v(1v¢c+C:TZ vy 75 =404
2 celZy kecA P A( ) - ccAL iﬁg )

Single-depth ny

Total time: time to calculate p “(V) x 2dim(at).

dim(41)= the number of H-vacancy in the randomly sampled
Clifford unitary

g—1 N — i mn—q q
izl ey (e
on— 7 + 1 In—q + 1
(Mallow distribution) The gate sequence of random Clifford unitary

We set ¢=n—clog(n) ®p pulq)>(1-n

_C)H_Cbg(n) ~1—npctl (HF:Hadamard-Free, Sw: Swapping, P: Pauli)

. with failure prob. égr, N < 5HfM_1nc+1 copies are calculated in poly-time (v number of target

stabilizer state)



(ex)

M=100 number of stabilizer states are targets,
c=5, 6y,=0.01, we can hold N « n®-0.0001 (~ 1562500 for n = 50) copies.

Total time: time to calculate ¢ x 0(n®).

!

? (Next problem)
(Sol) it needs 0(n?)-time.

G
'.'1’55;‘/) = Hﬁ(:g) (each can be computed in constant-time, G: gate-count)
g=1

= Y P p 0
pb(EZ;J T i 181—1(31) pSL_l(aL) b,ajz+--+ars



5-qubit GHZ state fidelity estimation,

Full random Clifford tomography with depol-rate 0.05
(target value=1)

PEC: gate-by-gate probabilistic error cancellation

CFWHT: Our method
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Variance comparison, 5-qubit GHZ

I
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=== Mean =1
0.15-
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I
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0.00 !
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= Ri() = 3 aaTa() T (IRl = )
(negativity) [ R|| = [T IRl = O(C) (€ > 1

1
min(pl")) "t < (compressed)||R||; < H Rl ‘Sub-multiplicativity’

1



<Shallow (d-depth) Clifford shadow>

1
We recall that M(P) =tp 4P = M™HP) = f—P
P,d

for some tpy = Probvemmd(VTaVT c Z) >0

calculated efficiently

— 1 —1)e(btk) Lt (VILViZ! n
(Ta)rs = 4n ; ( ;‘(:V) ;(l)kl (tv’rzlv,d | (Ta = @iamaizXamZaiZ)
1 (—1)eP tr(VIaVTZe)
T T S i geng
_ Z (—1)eP (= )PV(a)szv(a)z o5
D T
: riv)l)sv(a)z b+ Py (a) 6%(&)“05 Y b is sampled by u. Ps, (g, is B Always efficient!



<Theorem: Sampling efficiency for d-depth shallow Clifford shadow>

Given a Pauli observable O = T,

E(02%) < min(pt"))~ tT 4 Where, tpd = Probyea, ,(VILVT € Z) > 0

Ve
For the pure case,

E(Of) < tr, 4-

<Tighter analysis from Ref.[1]... for depolarizing noise>

3 (a2t
E(03) < min(p(") 17, < 35O 1 4 g2

e

gt {4+t72 ()" Yrterars

which is tighter than

(k = weight(T,),0 < 1)

[1] H. Y. Hu et al, Nat. Comm. 16, 2943 (2025)



<Challenges>

(1) How to boost the shadow calculation speed in general?

— 2" 41

(0) o pVI=1ZP HOM)T — tr(0)??

(2) How do we reduce the sampling when the noise fluctuation of
random Clifford is large?

£ mg - i . . € g
|O]4, < E(Op ) < min(pt")) ™2 min {F(CL,)0(tr(07)), O(tr(0F) + |0]1Z)}

V.e



(Result) Graph state benchmarking and high-order stability

What if the noise is arbitrary and unknown?

------------------------------------------------

---------------------------

—2‘- Ay !“2‘: Ao -‘9;
_QJ-dmt-'_ @ -H\ﬁ_‘-—g—

Even after twirled, additional noise occurs
during the interaction with the environment!"

[1] H. T. Hu et al,, Nat. Comm. 16, 2943 (2025)

[1] S. Endo et al, Phys. Rev. X 8, 031027 (2018)
[2] S. Chen et al, Nat. Comm 14, 52 (2023)

(Noise learning)

Each (twirled)noise is
learned in a restricted
spacel!?

4..

(Time correlation)




<Problem>

Can we learn the arbitrary noise
more efficiently?

<Solution>

We use the graph state measurement

(Unknown)

sampled
UeCl,

SUSISISYS

Obtain
measure

ment
outcome
|b) € Z%.

SUSUSISYISY

Obtain
measure

ment
outcome
|b) € Z%.




Vi—e Z H "~
Main board p [ N I :
1V2 - Z H ¢
Anclla %@ Vew = g=p*u
F3 (Ideal)
o—1X
(Dephasing)

Given [ = G(V.E)) = [[ CZa|+)®", o= N(Jv) (W),

A€E i
ERandom 1 a a a a :
EopZ?:tliion- Ni(o) = on Z Xpo Xy, = Z PaZ® ) (| Z= = Ngrapn (|9) (¥]) . "Noise tailoring”l"]
| aczZy acZy |

[1] G. Park et al., arXiv:2503.12870 (2025)



w—1

w—1
g=Y ap™xpu+0((20)") (Ya<O1)  Gapprox = Y ap™ xp
=0 =0

S (0 =3 S (0« W) ()27 + 1) (bUOUb) — t(0)
I=0 bezp

<Algorithm>
(1) We sample b1, p1,...,pw—1 (i.i.d) Following ;P

(2) Set by = by + p1, by =bs +p2,...,by_1 =by_2 + Puw_1
(3) For each 0 <1 <w —1, calculate mf;l) = (2" + 1) (b|UpUT|b)

-1
(4) For each 0 <l <w — 1, calculate m; = Z mf;l) — tr(O)
1=0

N
1
(5) We repeat this procedure (1)~(4) N times and take m = N E m;.
=1

Problem: How to sample p?



Nol
m:ye P _Xglv’n;._{cz?f:p?rcaﬁonsﬁ do L

Com empirical
ue Zy *P distribution
We can sample following p xp <mm nitormly samplea W eRY,
Noisy —va 7;9__|ZZZ
m p X¢2 n f— 7n

u e 4y
<Theorem: Estimating p from the convolution powers>!]

Given the approximation order (w,s) € N? and § < $

(w?,ws)
. 3wd wo )" (w,s) !
p= Z a" *p)“rO((T) (w) ) d " < O')

(ex) (w,s)=(2,0)

3 1 31
5P p) = 5(pxp)™ + O(55%)= gu—5u™ + O(55%)
oo

(Samplable)

p:

[1] G. Park et al., arXiv:2503.12870 (2025)



O(ws,wQS) ws
3wo
g= ck(p*p)™* 4+ 0 ((25)w + w® (T) )
k=0
GHZ state fidelity, bias = O((w6)")

O(wngQS) e wjl(uriginal)

= (Oapprox = D & »_ (p¥p)™(b)(2" +1) (b|UOUT|b) —tr(0) ~ °*] — wes
=0 beZy l 0.25
(Samplable) 3 |

Bias (y_axis) of fidelity estimation between pure 2-qubit 010
GHZ states. o
Single qubit depol-noise with 0.05 rate for the sampled R - ~ " - -
tWO‘q ubit gates sampling copies (x10%)

Target value: 1



<Challenges for the unknown noise case>

1. 6 should be lower than 3—;2 for the valid approximation. Can we increase the upper bound of
threshold?

2. Can we improve the upper bound of bias?

‘ w—+s

. . . o~ > . ‘b
3. Unbiased estimator for sparse noise? (P=Vp*p, pxp, = Z(P*P)a(—l)a )

4. How to manage the noisy transversal CNOTs?  Main board




Summary

1. We demonstrated a robust shadow tomography scheme under the gate dependent noise.

2. The noise channel in random Clifford measurement shrinks to read out error convolution with
the ideal measurement distribution.

3. For Pauli noise case, the above fact offers a tighter estimation variance (sampling complexity)
of noise mitigation via WH transform, compared to the conventional PEC shadow.

4. When the noise is arbitrary and unknown, we can transform the Clifford measurement to
graph state measurement, to tailor the noise into dephased form.

Then the tailored dephasing noise p can be learned by the approximation with the convolution
power series of (p * p) hence applying to mitigate the shadow.



Thank you very much



	기본 구역
	Slide 1: Robustness of Classical Shadows under  Gate-Dependent Noise via Readout Error Deconvolution
	Slide 2: Index
	Slide 3: Preliminaries 
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12: Read-out error of Clifford measurement
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17: (Result) Robust classical shadow under read-out error 
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26: (Result) Graph state benchmarking and high-order stability
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33: Summary
	Slide 34


